Abstract. Quadrature convergence of the extended Lagrange interpolant L 2n+1 f for any continuous function f is studied, where the interpolation nodes are the n zeros τ i of an orthogonal polynomial of degree n and the n + 1 zeroŝ τ j of the corresponding "induced" orthogonal polynomial of degree n + 1. It is found that, unlike convergence in the mean, quadrature convergence does hold for all four Chebyshev weight functions. This is shown by establishing the positivity of the underlying quadrature rule, whose weights are obtained explicitly. Necessary and sufficient conditions for positivity are also obtained in cases where the nodes τ i andτ j interlace, and the conditions are checked numerically for the Jacobi weight function with parameters α and β. It is conjectured, in this case, that quadrature convergence holds for |α| ≤ .
Introduction
If π n ( · ; w), n ≥ 1, denotes the nth-degree orthogonal polynomial on [-1,1] with respect to a positive weight function w, and (L n f)(·) the Lagrange interpolation polynomial of degree < n interpolating f at the zeros {τ i } of π n , it is a well-known result of Erdös and Turán [2] that L n f converges in the mean to f for any continuous function f . That is, . Attempts have been made in the past to obtain an analogous result for the extended Lagrange interpolant (L 2n+1 f )(·) interpolating f at 2n + 1 points -the n points {τ i } and n + 1 additional points {τ j } suitably chosen. A particularly interesting choice of theτ j , first suggested by Bellen [1] , is given by the zeros ofπ n+1 , the polynomialπ n+1 (·) = π n+1 ( · ; π 2 n w) of degree n + 1 "induced by π n ", i.e., orthogonal relative to the weight function π 2 n w (cf. [5] ). Concrete results have only been obtained in the case of Chebyshev weight functions. The one of the second kind, w(t) = (1 − t 2 ) 1/2 , is particularly easy, since in this case {τ i } ∪ {τ j } are precisely the zeros of U n T n+1 = U 2n+1 (cf. [1] ), and one is led back to the Erdös-Turán result. For all other three Chebyshev weight functions, however, one of us [3] has shown that mean convergence cannot hold for all continuous functions. 
which is obviously true, since the integral over L n f is just the n-point Gauss quadrature sum relative to the weight function w. Is it true that the same holds for extended interpolation,
The answer is yes, if the underlying quadrature rule has all weights positive, as follows from a classical result of Pólya [6] . We will show in §2 of this note that this is indeed the case, for all four Chebyshev weight functions, and in the process also determine explicitly the weights of the quadrature rules involved. Moreover, it will be shown in §3 that positivity also holds if the nodes τ i andτ j interlace, provided the Gauss weights for the weight function w satisfy certain inequalities. The latter are checked numerically for the Jacobi weight function w (α,β) (t) = (1 − t) α (1 + t) β , and evidence is produced suggesting that the quadrature weights in question are indeed positive if |α| ≤ One could be tempted to take the zeros of π n+1 as the additional nodesτ j since interlacing is then guaranteed. However, the quadrature rule implied by (1.3) is then simply the (n + 1)-point Gaussian rule for w (all nodes τ i receive weight zero), and we are back again to the Erdös-Turán result!
Chebyshev weight functions
The weights of the interpolatory quadrature rule implied by (1.3) are given by
. . , n; (2.1)
The rule has degree of exactness equal to 2n. For reasons indicated in the Introduction, it suffices to look at Chebyshev weights of the first, third, and fourth kind.
Chebyshev weight of the first kind.
Here the weight function is w 1 (t) = (1 − t 2 ) −1/2 , and π n is the Chebyshev polynomial of the first kind,
whereasπ n+1 is given by [3] 
whereτ j are the zeros ofπ n+1 . All weights are positive.
Proof. It follows easily from (2.3) and (2.4) 
It remains, for λ i , to evaluate the integral
Since τ i is a zero of T n , the integral, by orthogonality of the T m , reduces to
which in turn is equal to − π by orthogonality, and by using
For n = 1, the reasoning is the same except for the factor and divisor 2 in the last two formulae, which must be replaced by 1. The result (2.5) now follows immediately.
To evaluate the constant in the denominator of (2.2), we let τ j = cosθ j and obtain fromπ n+1 (cos θ) = cos(n + 1)θ − Together with (2.8), this yields after a simple computation
It is known from [3, Eq. (2.7)] that T 2 n (t) = 9(1−t 2 )/(9−8t 2 ) for t =τ j . Therefore,
For the integral in (2.2), we proceed as follows:
The first equality is a result of the orthogonality of the T m and the fact that
Combining (2.10) and (2.9) yields (2.6).
The positivity of the quadrature weights is an immediate consequence of −1 < τ j < 1 for the µ j , and trivial for the λ i . 
. . , n; (2.14)
where τ i andτ j are the zeros of π n andπ n+1 , respectively. All weights are positive.
Proof. From (2.12) and (2.13), one obtains by an elementary computation that
, where θ i = (2i − 1)π/(2n + 1), so that the constant in the integral of (2.1) is
The integral itself is
Since, by the recurrence relation for the T m , we have
, we can use the orthogonality of the T m with respect to w 1 to simplify:
Now V n (t) has leading coefficient 2 n , if n ≥ 2, so that
The same result holds also for n = 1. Combining it with (2.16) yields (2.14).
Letting as beforeτ j = cosθ j , putting t = cos θ in (2.13), and differentiating with respect to θ giveŝ
sin n + 
so that the constant in the integral of (2.2) becomes
The integral, on the other hand, is
which, since
Together with (2.17), this yields (2.15).
The positivity of the weights is evident from (2.14), (2.15).
Analogously to (2.11) one finds, after an elementary calculation, that
Jacobi weight functions
For more general weight functions, in particular the Jacobi weight function w(t) = w (α,β) (t), where w (α,β) (t) = (1 − t) α (1 + t) β , we have only conjectural results based on numerical experimentation. We are especially interested in cases where the nodes {τ i } and {τ j } interlace,
We shall assume in this section (in slight contrast to §2) that the polynomials π n andπ n+1 are monic.
3.1. Quadrature weights for interlacing nodes. We assume, as in §2, that n is given and fixed. Our computations are based on the following theorem. 
where λ Proof. We first show that the interlacing property implies µ j > 0. It is clear from (3.1) that
Thus the constant in the denominator of (2.2) is positive. In the integral that remains, the integrand is a monic polynomial of degree 2n. Its (2n)th derivative divided by (2n)! is therefore constant equal to 1, and the n-point Gauss formula with remainder term yields The positivity expressed in Conjecture 3.1 has been proved in §2 at the four corner points of the square.
